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Abstract. The reduced notation for imreducible representations of the symmetic group S, is
interpreted in terms of symmetric formal series and vertex operators, and is used to prove a
number of propertics of reduced Kronecker products and inner plethysms in an r-independent
manner. Conditions for self-associativity of Kronecker products and inner plethysms are
established. Reduced inner plethysms are developed and applied to the question of non-simple
phase groups among the symmetric 5, and alternating A, groups.

1. Introduction

The symmetric group S, plays an important role in all those areas of physics and chemistry
involving permutational symmetry. These include high-symmetry molecules, symplectic
models of nuclei and such esoteric topics as the classification of N-electron states of
quantum dots. It is highly desirable to be able to develop stabie results that are essentially
n-independent. This is made possible by exploiting the reduced notation introduced long
ago (Mumaghan 1938, Littlewood 1958a, b) and only recently made mathematically precise
(Thibon 1991). The reduced notation supplies a relatively concise method of evaluating
n-independent Kronecker products for the symmetric group (Butler and King 1973, Thibon
1991). Extensions to Kronecker products involving projective (or spin) representations of
the symmetric group have also been made (Luan Dehuai and Wybourne 1981, Salam and
Wybourne 1989).

Symmetrized Kronecker powers of representations of the symmetric group play an
important role in nuclear physics applications (Kretzschmar 1960a,b, Vanagas 1971), in
determining the symmetry properties of 3j symbols for the symmetric group and its
subgroups (Butier 1974, King 1974) and in determining branching rules for Lie groups
where the symmetric group occurs as a finite subgroup (Salam and Wyboume 1989).

in all the above problems Schur functions {S-functions) play a key role: for the
Kronecker products, in the form of the Littlewood-Richardson rule for multiplying S-
functions (Littlewood and Richardson 1934, Littlewood 1950) and in symmetrized powers,
the inner plethysm of S-functions (Littlewood 1958a,b). For a modern account of S-
functions the reader is referred to Macdonald {1979) and for inner plethysm in a Hopf
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algebra structure to Scharf and Thibon (1992) and to Thibon (1991). Much of our notation
is drawn from those sources and the original papers of Littlewood.

In this paper we first address the problem of reduced notation in calculating Kronecker
products for the symmetric group moting in particular the conditions for the resultant
of a reduced Kronecker product to be self-associated. We then show how use of the
reduced notation for Kronecker products can be used to uncover hitherto unnoticed unimodal
distributions of multiplicities and to exhibit certain symmetries. We next show that reduced
Kronecker products {A}*{u) are self-associated if one of the partitions is a staircase partition
and the other partition is at least self-conjugate, After that we take up the problem of
evaluating reduced inner plethysms of S-functions and outline methods for their evaluation.
We observe that certain reduced inner plethysms are self-associated. The reduced inner
plethysms are then used to establish that for # > 6 the symmetric groups S, are all non-
simple phase groups (Derome 1966, van Zanten and de Vries 1973). Correspondingly
we show that the alternating groups A, with n > 7 are also non-simple phase groups.
An expansion of the reduced S-function (#} as a linear combination of inner plethysms
involving only S-functions indexed by single hook partitions is next proved and a simple
proof of the Butler-Boorman theorem established. Finally, we discuss a number of special
properties of S-functions indexed by staircase partitions and prove earlier inferred results.

A remark about notation. In this paper, we shall freely mix the traditional notation of
Littlewood (1950) with that of Macdonald (1979), which is more convenient for algebraic
manipulations. So, the S-function corresponding to a partition A will be indifferently denoted
by {A} or by 5. Other comrespondences between the two systems will be explained when
necessary.

2. Kronecker products

The resolution of the inner or internal product of two S-functions, say s; s, with A, i - n
such that

53 %8y =Zc{“su (1)

vtnR

is related to the character analysis for the symmetric group S, where
X% =2 cuxy @
v

with the coefficients ¢;, being non-negative integers and precisely the same integers that
arise in the resolution of the Kronecker product of two irreducible representations of S,
labelled by the same pair of partitions. Much effort has gone into the development of
algorithms for calculating the coefficients ¢}, (cf Mumaghan 1938, Littlewood 1958a,b,
Butler and King 1973, Thibon 1991). Remmel (1989} has presented a formula for the
Kronecker products of S-functions of hook shapes. His work has recently been extended
(Remmel and Whitehead 1993) to include two-row shapes. This recent work may be

substantially simplified and the results cast in an n-independent form using the reduced
notation (Murnaghan 1938).
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3. Reduced notation, symmetric series and vertex operators

The concept of reduced notation for the symmetric group was introduced by Murnaghan
(1938} and Iater used (Littlewood 1958a,b) for the calculation of inner plethysms and
Kronecker products for the symmetric group &,. The significance of the reduced notation
was further emphasized by Butler and King (1973), Extensions to the projective {or
spin) representations have been discussed (Luan Dehuai and Wybourne 1981, Salam and
Wybourne 1989). A rigorous treatment in terms of the Hopf algebras of symmetric functions
has been given for the case of tensor products of symmetric group representations (Thibon
1991) and will be outlined below.,

The tensor irreducible representation {A} of &, may be labelled by ordered partitions
(1) of integers where A | 7. In reduced notation the label {A} = {A(, A2,...,A,} for
&, is replaced by (A} = (Az,...,Ap). Given any irreducible representation {u) in reduced
notation it can be converted back into a standard irreducible representation of S, by prefixing
it with a part (n — ji|). For example, an imreducible represeniation {21) in reduced notation
corresponds to {321} in 8 or {921} in &5. It is just this feature that leads to an »-
independent notation for S,. If n — || 2 pq then the resulting irreducible representation
{n — ||} 1s assuredly a standard irreducible representation of &,. However, if n — [1¢] < g
then the irreducible representation {n — ||, u} is non-standard and must be converted into
standard form using S-function modification rules (Littlewood 1950). Thus in &3 {21)
becomes —{1%} and in S, is null.

The reduced label (i} can be given a precise mathematical meaning: it has to be
interpreted as the formal sum

W= S @)

R=—0C

(the nen-standard S-function sy, ., = {7, 1} being zero for n < 0). The advantage of
this point of view is that this series can be obtained by applying to s, a certain infinite-
order differential operator, which is one of the so-called vertex operators commonly used
in the representation theory of infinite-dimensional Lie algebras (see e.g. Kac 1990). Vertex
operators also exist for §-functions, @-functions and Hall-Littlewood functions (Hoffman
1989, Jarvis and Yung 1993, Jing 1991a,b, Salam and Wybourne 1991, 1992). The vertex
operator has certain remarkable properties which makes it a very convenient tool for formal
manipulations in reduced notation. We would hope the reader does not, in the following
text, confuse the subscripted A, of standard A-ring notation with the use of A for partitions
introduced earlier, One has

(uy =Tt 54 (4)
where (with a parameter z in order to have more generally 3 5¢r.02" = s,)
¢ D
T; -*&xp[ z —}exp{ } [5)]
; ; aps

where p; is the kth power-sum symmetric function. Introducing the generating series for
the complete and elementary symmetric functions

o, = Zhnz” Ay = Ze,,z"

r20 nz0
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and the ‘Foulkes derivative’, defined by
(DeG, H) = (G, FH)

where F,G, H are any three symmetric functions and ( , ) is the usual scalar product
defined by (s, s,.) = 8, one obtains for I'; the following convenient expression

Fz =0; DJ--ug (6)

(see e.g. Carré and Thibon 1992). To interface between the reduced notation and the
operator notation, we shall set, for a symmetric function F, {F} = I'| F, so that for example
{A} = {s5;). When F is a positive sum of S-functions, we will call the series {F) a stable
character.

Our symmetric functions are supposed to be polynomials in some (infinite) set of
variables X = {x, x3, ...}, usually called ‘the alphabet’. The effect of the operator D;,x)
on a symmetric function F(X) is to replace X by X + z, that is to replace p(X) by
(X 4 2) = p(X) + 25, Similarly Dy _xy acts by replacing X by X — z, that is by
substituting p(X) by p(X) — z*. Thus, Dy, is invertible, and D;! = D;_,. The operators
are even multiplicative with respect to Littlewood-Richardson multiplication. It should be
noted that they fulfil the above equation for the Foulkes operators with F 1= a;, A_;.

The notations X + z, X — z are particular instances of the so-called A-ring formalism.
The concept of a A-ring, which is due to Grothendieck, is explained in Knutson (1972) and
in Lascoux and Pragacz (1988). It provides a convenient way to handle what Littlewood
called the S-functions of an arbitrary series, by allowing the coefficients of any power series
to be considered as the homogenous (or elementary) functions of some virtuzl alphabet.

One example for the application of vertex operators is Gamba’s (1952) formula for
character polynomials E* (cf Kerber 1992). These polynomials yield, evaluated at a
(finite) sequence of non-negative integers (ay, ..., @), the character value ({1}, p%), p® :=
py ---p%, and hence also code irreducible characters in reduced notation. This n-
independence of character values has been observed by Frobenius (1900, 1904) and has
been investigated by Murnaghan (1938, 1951, 1955), Gamba (1952), Specht (1960), Wagner
(1979) and others. Morris applied the concept to Schur Q-functions and Hall-Littlewood
Q-functions (Morris 1963a,b).

Gamba’s formula can be deduced in the following way

((A’)! Pa) = (Ul D}._.ISA- pa)(qusl! Dﬂ;pd) = (DL_]SJJ H(Pi - I)al)'

Obviously the last expression can be identified as the value of a polynomial E*(X1,..., X;)
in a finite number of variables evaluated at X; = ¢g;,i <5, (and a; =0 for i > r).

Reduced notation refers to a stability property of the sequence s, .5 € Z, of (up to
coefficient 0, 1) irreducible characters. But the operator D;_, is an automorphism making
homogeneous symmetric functions inhomogeneous. Also series of type

(Fhi=aF M

are easier to handle and formulae involving them can be transformed to reduced notation
using Dy, D, , = 1. This also reflects another type of stability displayed by the
series &y ), n € Z. The k), being the symmetric functions associated with permutation
representation by the Frobenius correspondence, we will refer to series of the form (&, ) as
stable permutation characters. In the language of character polynomials {h,) correspond
to the so-called Young polynomials (Specht 1960, Kerber 1992).
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4. Reduced Kronecker products

A reduced Kronecker product {(A) % {¢) may be evaluated by the recursive relation
(Littlewood 1958b, Butler and King 1973, Wagner 1979)

Ay () = 3 (/ey} {u/By} - lax BN ®)

a8,y

where / indicates an S-function skew (i.e. {A/u} = D;, 55, of Macdonald (1979)), a dot -
is for Littlewood-Richardson S-function multiplication and a star  is the ordinary inner
product. For example, in reduced notation

(21) % {2%) = (51} + (5) + (43) + (421) + 3(42} + 3(41%) + 5(41) + 3(4) + (3°1) +2(3%)
+ (327 + (321%) + 6(321} + 7(32) + 3(31%) + 8(31%) 4+ 8(31} + 3(3) + {2°1)
+2(2%) +3(221%) + T2+ 5(2%) + (21%) + 521%) + 8(21%) + 6(21) +2(2)
+ (1) +3(1%) + 3013 + 2(1%) + (1). )

Equation (8) may be deduced from a more general result involving stable permutation
characters {Thibon 1991)

LF) % (GY = ((Z(DR,F) (D4, G) - (v ¥ uﬂn» (10)
o, p

where {1, ), (v,) are adjoint bases of symmefric functions,
Anather (almost direct) consequence of (10) is the following formula of Mumnaghan

a; Pu
(F) % {G) (Z(DP,F DP,G)(pm pd)) (11)

Let us return to example (9). It reveals a hitherto unnoticed feature: that some reduced
Kronecker products are self-associated in the sense that replacing every partition by its
conjugate partition leaves the product invariant. We shall shortly establish the condition for
a product to be self-associated.

We also observe that Kronecker products often contain sequences of certain types
of partitions whose multiplicities have a unimodal distribution when these partitions are
presented in reverse lexicographic order. This is the case, for example, of the terms of the
type {m, 1%} in the reduced product

(14)%(10) D {21 12 (20 12)4+2(19 12)+2(18 12)4+-3{17 12)+3(16 12)4+-4{15 1%)+4{14 1%
+5(13 12) + 4(12 1%) + 4011 1% +3(10 12) + 3(91%) + 2(81%)
+ 2(71%) + {61%) + (51%). (12)
The above Kronecker product involves a total multiplicity sum of 1701 distributed over
377 distinct partitions effectively concealing unimodal sequences that also exhibit certain

symmetries. These special distributions can be uncovered by developing explicit expressions
for the coefficients c;,. We illustrate this in the next section.
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5. Kronecker products for two-row shapes

In terms of reduced notation two-row shapes become one-row shapes via the equivalence
{n—kk}xi{n—€ £}~ (k)% (E). (13)

Noting equation (8) we have

L
ke =" (k—p}-{€—p}-(p—q})
g=0 p=0
=Y ¢, (A fork>L (14)
A

The possible shapes for A are severely constrained. The number of rows cannot exceed
three. The multiplicity to be associated with a given shape A can be readily determined
by drawing the shape and then filling the cells, in accordance with the Litilewood-
Richardson rule, with say & — p circles o, £ — p stars * and p — ¢ diamonds o,
where k+ £ — p+ g = A + A2 4+ -+ 4+ A, Repeated cells are marked with dots ..
Consider the shape characterized by the partition (m). A typical filling is shown below:

l«k—pa> |+ L —p =|—p—g—|

lodol -1 -1 -tolalul.1T-T-lTolol-1.-1.]0]

From which we may deduce immediately that c&’;}(e) is the number of partitions of
k+ £ —m into two pars (p, g) with p > ¢ and £ > p leading to

My =it —k+m+2)  fok>m (150)
=Lk +e-m+2)  form>k (15B)
and the coefficient symmetry
cim) k-
Ciey = C(k)mm) (15¢)

([x/2] is taken to be the integer part of the division by 2). In a similar manner we find
(m,1}

Cupy =L —k+m+1 fork>m (16a)

e =k+l—m for m > k (16B)
with

e =g (160)
and

cnt) =l —k+m+1) fok>m+l (174)

ity =tk +2—m+2)  form2k—1 (17b)
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with

(ma%y _ (2k—m-2,1%
Cate = Clote . (17¢)

Equations (153c), (16¢) and (17¢) reveal the unimodal multiplicity distribution of certain
types of paititions when sequenced in reverse lexicographic order together with certain
symmetries of the coefficients. Equations (17a)}-{17¢) give a simple explanation of the
result of equation (12).

The above examples alt involve simple two-part partition functions that admit a simple
algebraic description. In more complex cases constrained partition functions arise with a
series of subsidiary conditions. Thus to evaluate the multiplicity cg:;('g one draws the shape
for (m, n} as before to give

|« k=p—>l—t-p—ro|«p—g-s—|

olel . V. T Tolalel . T . Jolol . 1.1 . 1o}
xlxjl-lelel-]o

Inspection of the diagram leads to the conditions

n=r+s E—p2zr £z2p p—qzs and p+g=k+f—-m—n.
(18a)

Furthermore,
if r=0 then k+e-2p>=n {185)

and hence the coefficients c&’;(’;; may be evaluated by the following steps

(i) List the partitions (p, g} subject to p 2 g and £ 2 p.

(ii) Associate with each partition (p,q) a set of two part partitions (r,s) that are
compatible with the conditions of equation (18).

(iii) cfz;t'g is equal to the total number of partitions (r, s) found in (ii).

Thus to evaluate cgg'ﬂ,ﬁ, we obtain the values in table 1.

Table 1. Partitions (p, ¢) and {r, s} for evaluating cggf}’(m.

(rq Condition on r  Conditionons  {n5)

(16,6) Dzr=0 02s ®

(15, 7) 12rz0 82r (0.5), (1,4
(14,8) 22r20 625 (@,5), (1,4, 2,4
(13,99  3z2r20 425 (1,4),2.3,3,2)
(12,100 4z2rz0 225 4, 1),(3,2)
(11,11} Szrz0 0=s (5.0)

From these we deduce that cg(',sim) =11 . Note that equation (18a) rules out any partition
(r, 5) for the first line in table 1 and that the partitions (r, s) are not restricted to r 2 s.
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Table 2. Partitions (p, ¢) and (r, s) for evaluating 4535?;3-

(p.q) Condition on r Condition on s {r, 5}

(16, %) 0zrz=2 1025 *

(15, 5) 1zr22 225 *

(14.6) 2z2rz22 625 2,2)

(13,7 Izr22 45 2,2),(3,1)

(12, 8) 42rz22 225 “4.0,3,1,2,2)
(11,9 52r22 0=s @0

(10, 10) 6z2rz22 -2z *

The evaluation of the coefficients cé’k';'(';" proceeds in an exactly similar manner. The

diagram for the shape of (m, n, t) is drawn and the partition constraints determined to give

n=r+s E—pzrzt p—gz2t+s ptg=k+&—-m—n—t. (19)

Thus to evaluate cgg{:;é; we have the values in table 2, showing that cgg)'?;g = 7. The first

two lines, and the last, could have been anticipated to yield a null result.

In one-row reduced notation the resuits (see equations (15a) and (155)} are extremely
simple, whereas for two- and three-row reduced notation there are subsidiary conditions to be
considered. In most physical applications, due to spin considerations and the consequential
Pauli exclusion principle, one-rowed reduced notation suffices.

6. Self-associated reduced Kronecker products

The self-associativity observed in equation (9) is a direct consequence of the following
theorem.

Theorem 6.1. For H defined by (A} » {u} = {H) to be self-associated, it is necessary and
sufficient that one of the partitions be a staircase partition and the other partition be at least
self-conjugate,

It is better to reformulate the properties. A symmetric function G is self-associated
if and only if it can be written as a linear combination of products of symmetric power
SUMS Py = Py, +** P, With || — £(e) even. Indeed, consider the involution & defined
by ws, = s,¢ (cf Macdonald 1979). Then, the self-associativity of G, that is G = @G, is
equivalent to

(Par G) = (Pas @G) = (wPa, G) = (—1)1*"®(p,, G)

(since wpy = (—1)*~1p;), from which the assertion follows,

Now, the staircase S-functions belong to the subalgebra generated by the odd
power sums. This follows for example from the Mumaghan-Nakayama rule, since the
corresponding diagram has only odd hook lengths. In our formalism this amounts to
considering the partial derivatives

d 1
Esm.n-l.....n =7 [S(n-k,n-l..,..l) + Sun=1=k,..,.1) T ]

and applying the modification rules.
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This subalgebra is of considerable interest as it possesses as linear basis the Schur
@Q-functions (which correspond to the spin characters of the symmetric group). But the
only Schur functions s, contained in this algebra are the staircase functions, the staircase
partitions (n,n — 1,..., 1) being the only partitions equal to their 2-cores (cf James and
Kerber 1981).

The “if* part of the theorem follows from the next lemma:

Lemma 6.2. Let F be a symmetric function contained in the subalgebra of Q-functions
and let G be self-associated. Then H given by (F} % (G) = (H} is self-associated.

To prove this, consider Mumaghan’s formula for the inner tensor product (11). As
Dy pa = nj(Pa; +1) and

Dy, =¢dp, 8p,, ...

for some scalar ¢, the above considerations show that only those ¢ with odd parts will
contribute. But then Dy, F still belongs to the algebra of §-Functions and D, G remains
self-associated. As the product of Q-functions with a self-associated S-function remains
self-associated, the lemma follows.

It remains to prove the ‘only if* direction of the theorem.

So let A and p be partitions of m and n, respectively. If one of the partitions is not
self-conjugate, say p, then s,,, the summand of degree m + n in Murnaghan’s formula,
contains a term py p, with |e| — £(x) odd. Hence the result cannot be self-associated. If
both partitions are self-associated, but none of them is a staircase, then they differ from
their 2-cores. Hence s, contains a term p{ pg, b > 0 maximal, and s, a term p{ p%‘, v>0
maximal. Because of self-associativity, b and v are even and p*2p2~}, p4+2pi~" are not
contained in the respective S-functions.

Consider again Mumnaghan’s formula (11). We show that the sum on the right-hand
side contains a term p$™p2t'=!. Because of degree considerations this can only happen
for e = (2), (1, D, (1). But @ = (1, 1), (1) cannot contribute, for this would contradict the
self-associativity. So the case o = (2) remains and the contribution is

(DB} P3Dp, DY DY) P2/2 = by p pyt!

which is non-zero because of the choice of a, b, #, v. So in this case again, H cannot be
self associated,

7. Reduced inner plethysms

The concept of inner plethysms of S-functions was developed by Littlewood {1958a) who
sketched some methods for their evaluation. A systematic procedure was given by Butler
(1970) with further developments by King (1974). (For a modemn account of inner plethysm
in a Hopf-algebra formalism see Scharf and Thibon (1993).) A short tabulation has been
given by Vanagas (1971). Most of the preceding results stem from Littlewood’s observation
that

m—-1,160{1* ={(m—k 1% (20)
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which in reduced notation becomes
(1) ® {1¥) = (1. @1
Littlewood’s basic result can be extended to other simple cases such as
(1) ® {21%} = (21%) + 11y + (%) + (1Y
and
(1) ® (314} = (1151 — @18y 4 2151y 1 (1Y 4 1%y,

However, generalizations to other single hook reduced partitions do not seem to yield such
simple expressions. An arbitrary S-function {v} may always be expanded as a sum of
elementary symmeiric functions e, and hence as sums of products of S-functions of the
type {1*}. Thus any plethysm of the type {1} ® {u} can always be reduced to sums of
products of reduced Kronecker products of the type {1*) x (1%} ... (cf Salam and Wybourne
1989). The highest weight partition contained in {1} ® {A} is necessarily (A) and thus

(DA} D (AY+--- (22)
and hence any reduced irreducible representation (A} may be uniquely expanded as

=1y vk (23)

For example, one can readily establish that

@)= (e {2 - {1}—{op
B ={H o3 -2 -{1%-{1p
21} = (1) & (21} - {2} — {1’} + {O])
@) = (1} ® ({4} - 3} — 21} — (2} + {1} + {1D)
(31) = {1} ® ({31} - 3} — 2021} + {2} = (P} + {1}
(2%) = (1) @ (—{3} + (2%} — {21} + 2013} + 2{1})
{21%) = {1y ® ({217} — {21} + {2} — {1°} — {OD). (24)
Remarkably, the expansion {1} = (1} @ L(n) involves a list L(n) of S-functions that is

multiplicity free and involves only single hook partitions. Indeed, we shall shortly show
that

L) = Z(._1)[(n+a+5,l/21({aIl(n-a)/2]} + {alltn-a)ll’l-l}). (25)

a=1

It follows that any reduced inner plethysm {A) ® {1t} may be reduced to the form

Mo =8 Y i) ek =0 e ((Zc;:{v}) ® ) @6)
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where & = 2 if odd n, otherwise zero; which gives another method of evaluating reduced
inner plethysms. It follows from equations (25) and (26) that

2)® {3} = (1) ® D (D2} ® (A/pd) - (/M) (27a)
2H @A} = 1@ ) (—DH{21} @ (A/uM}- (i} * {0} - {0} (27b)
".p

where

M= i{m} = o.

m=0

The above two results contain a phase factor showing that the method involves considerable
overcounting. Specific calculation gives
(20 ® {21} = {51} + (5) + (42) + 3(41) + 3(4) + (321) + 3(32) + 3(31%) + 7(31) + 4(3)
+2(2°1) +502%) +(21%) + 5213 +921) + 5(2) + (1) + 3(1%) +4(1%) +2(1)
(28)
21 @21} = (1) +2(7) + (621) +5(62) + 5(61%) 4 17(61) + 14(6) + (54 -+2(531) +-9(53)
+(52%) +2(521%) + 20(521) + 45(52) + (51%) + 10{51%) +47(512) + 81(51)
+45(5) + (4°1) + 5(4%) + 3(432) -+ 3(431%) + 25(431) -+ 47(43) + 3(4221)
+20{42% + 204213 + 30(421%) + 1 18(421}) + 149(42) + 10{41%) + 64{41 3)
+ 163(41%) + 185(41) + 78(4) + 3(3%21) + 16(3%2) + (3213} + 20(3%12)
+73(3%1)+82(3%)+(32%)+2(3221%) +25(32%1 J+73(32%) (321442003213
+ 118(321%) +270(321) +235(32) + 5(31%) + 47(31% + 163(31%) +280(31%)
+240(31) + 83(3) + (2*1) + 5(2%) + 9(2*1%) + 47(2%1) + 82(2%) + 5(221%)
+45(221%) + 149(2212) + 235(221) + 162(2%) + (215} + 17(215) + 81{21%
+185(21%) +240(21%) + 173(21) 4+ 55(2) +2(17) + 14{15) + 45(1%) +78{1%
+ B3(13) + 55(1%) + 19¢1) + 2(0). (29)
The above two results were extracted from a table of all reduced inner plethysms
where the product of the weights of the two partitions are < 10. Copies of these tables are
available as a TEXfile distributed via e-mail (bgw@risc.phys.torun.edu.pl). Two observations
are immediately apparent. First, and not surprisingty, the muitiplicities rapidly become very
large, much more rapidly than for outer plethysms of the same weight. Second, the inner
plethysm (21) ® {21} is clearly self-associated, which at first sight is surprising. In that case
both partitions defining the plethysm are staircase partitions, Indeed we shall shortly show
that the necessary condition for a reduced inner plethysm {A) ® {1} to be self-associated is

that the partitions (A) and (u) are staircase partitions but before that we remark upon the
application of equation (22) to non-simple phase groups,
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8. The non-simple phase groups of S, and A,

We may denote a 3j symbol for a group G as (Auv),, where m is a multiplicity label
and the ijk are indices. The symmetry properties of the 3§ symbol is determined by its
behaviour under simultanecus permutation of the representations Azv and the indices ijk
with respect to the group Ss. A problem arises when the three representations in the 3
symbol are identical, e.g. (AAA)};. In this case

Ay = 3 D) (AANY (30)
3
where 7 is an element of &3 that acts on the indices ij% and D¥»(xr) is 2 matrix representing
the permutation & (Derome 1966, van Zanten and de Vries 1973, Butler 1974, King 1974).
A group G will be a simple phase group if for every representation A of the group

ARz = en (AT, 31
where |¢, 2 =1,

A group will be said to be a non-simple phase group if there exists a A such that the
identity irreducible representation occurs in the mixed symmetry part of the Kronecker cube
of L. In that case the matrix representing {21} is a 2 x 2 matrix and a simple £+1 phase
choice is not possible. In the case of the symmetric groups it suffices to examine the reduced
inner plethysm (21) ® {21} given in equation (29). For a given value of » each partition
is made up to weight 2 and all resulting non-standard S-functions made standard. Thus for
n =5 the standardization rules give

{—361%) = —{5}  {-261}=+{5) {-16}=—{5} {50} = +{5}
leading to

5{=3612} + 17{—261} + 14{~16} + 2{50} = (=5 + 17 — 14 + 2){5} = 0.

Continuing we can readily establish that S, is a simple phase group for n < 5.
For n = 6 we find {321} @ {21} > {6} and hence S5 is a non-simple phase group as
already noted (King 1974). For r > 6 we have from equation (29) the stable result that

{r —3,21} @ {21} 5 2{n} (32)

establishing that indeed every symmetric group 8, with # > 6 is a non-simple phase group.

Now consider the alternating group .4, which is a subgroup of S,;. Under the restriction
8, « A, the irreducible representations {#} and {1”} both yield the identity irreducible
representation of A,. Furthermore, the irreducible representation {n — 3, 21} of &, remains
irreducible for all n > 7, allowing us to conclude immediately that all the alternating groups
A, with n 2> 7 are non-simple phase groups. The A, with n < 5 are certainly simple phase
groups, leaving only the case of n = 6 to be considered. The irreducible representation
{321} of & decomposes into a pair of real irreducible representations {321}, and {321}..
of Ag. It follows from equation (29), standardized for n = 6, that for A,

({321}, + (321}0) ® {21} D 2{6}. (33)
Expanding the plethysm we obtain
({321} @ {21) + ({321}~ ® {21} + ({321} + {321}-){321}, {321}~ > 2{6}. (34)
But {321}4{321}. > {321}, + {321}_ and hence we must conclude that

{321} ® {21} 2 {6} (35}

The remaining irreducible representations of Ag may readily be seen to be simple phase,
leading to the conclusion that
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The symmetric groups S, with n < 3 and the alternating groups A, with n < 6 are simple
phase groups and all other values of n correspond to non-simple phase groups.

9. The expansion £(n) and the Butler-Boorman theorem

We now give a formal proof of the S-function series expansion of £(n)}, as described by
equation (25). This expansion is reminescent of the Butler—Boorman theorem (Butler 1970,
Boorman 1975) and we offer a short, and novel, proof of that theorem. The technique
used can be applied in a variety of situations, and we illustrate it on two further examples:
the stable analysis of the representation of S, in the space of Lie polynomials; and the
computation of branching rules from a continuous group to the symmetric group.

These computations are more conveniently carried out in the notation of Macdonald
(1979} and Scharf and Thibon (1992). The inner plethysm of a symmetric function G by a
symmetric function £ is denoted by F(G) (instead of G @ F in Littlewood’s notation).
Examples of the comrespondence are {A} © {u} = §,(51) and (A} @ {u} = 5.(T18)
= §;.;((SA}) = E,u((A-)}-

Conceming L(n), it is easier to solve first the corresponding problem for stable
permutation characters, that is, to find F, such that

{ha)) = othy = Frloyhy).
The result for () will follow, since

{m) = 01(8m) — Sa-y) = {Bad) — Chnr}-

‘We have the generating series

3 g0k, = 010, = (1 + ) X).

r=20

Next, we exploit the A-ring formalism to rewrite it as

.2
0'1(1 9 X).
l-g

The reason for this transformation is that we have, on the other hand,

1-— ~
e (.]:'::..X) £ &x(alhl) L A._y(o'lhl) (36)

(Kirillov and Pak 1990, see also Thibon 1992) so that

1—¢q? . o
o (T255) = ¥ d ey e

i,fz0

and

Fo= Y (—he
i+2j=n
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Now, (n} = aihn — Gihn—1 = (Fy — F;—1)(o1h1), and to obtain the result in reduced
notation, one just has to observe that é(o.hl) = D, G({1}). Thus,
L(n) = Dy (Fr — Fpy) (37)

and to conclude the proof of formula (25), it only remains to notice that Dy e; = ¢; +¢;_1,
Dghi = hi + hi—1+---+hy+ 1 and hje; = 5¢,10y + 3g41,1-4- This is better illustrated on
an example, so let us take n = 10. We have

Fio = hio — hgey + hees — haes + haes — g5
Fy = hog — hyey + hsey — hzez + hyes

L(10) = Dy, (Fro — Fy)

= Dg,[(h1o — hg) — (g — h7)e\ + (s ~ hs)eq
= (hs = h3)es + (hy ~ hi)es — es]

= h1o — hg(e1 + 1) + he(ez + €1) — hales + €2)
-+ hales < €3} - (es + e4)

= 510 — (89 + 831 + 58) + (571 + se11 + 87 + Se1)
= (ssn1 + San1 + $51 + 8411} + F3000 + s2000 + S0 + s2n)
= (s11 + s111)

which is indeed the result predicted by (25).

We now provide a simple proof of (23). As already cbserved, this has the consequence
that any character of the symmetric group &, can be expressed as an integral linear
combination of irreducible characters indexed by hook partitions. This result is due to
Butler (1970) and independently to Boorman (1975). In the language of A-rings, it means
that the representation ring R(S,) of the symmetric group is generated as a A-ring by the
single element [n — 1, 1] (or, which amounts o the same, by the class of the representation
by permutation matrices [# — 1][1] = [r — 1, 1] + [r]). However, this ring is far from
being freely generated by one of these elements: a given symmetric function F of weight
r has many different expressions of the form F = G(s(;—1,3;). This is due to the fact that
[n—1, 1] is (n — 1)-dimensional, so that its kth exterior power vanishes for £ > n. However,
with stable characters or reduced notation, the expansion (23) becomes unique. The reason
for this is given by (22), which is more easily established within the framework of stable
permutation characters.

Lemma 9.1. Let u be a partition of m. Then
hy(oh) =01 [y + F,]

where F, is a (non-homogeneous) symmetric function of weight strictly less than m.

Proof. By induction on the length €(u). For £(u) = 1, one has the explicit formula
(Littlewood 1958a, cf Thibon (1992) for this formulation)

hnh)=a1 3 hyhy by, = 0ilkn + Pyl
Kki+2kz+ o miy=m
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where Fy, is clearly of weight < m. Now, let s, = A h,. Then,
hu(oihy) = [0y + Fu)l # (01 (ke + Fo)]
and using the expansion (10)

(©1F) % @\G) = 01 Y _(Dy, F)(DuyG){(ve % vg)
as-B
where (i) and (vg) are adjoint bases of symmetric functions, one sees that

ﬁv(olhl) =0 [hnkk + Z Dy, (hy + F)Dg (R + Fi)(se * 35)]
foe|+[ 8121

=01k + F]

with F, of weight < |u] 4+ & — 1, as required.

Now, by induction on {u|, we see that any series o1/, can be (uniquely) written as
linear combination with jr_lﬁger coefficients of series of the form fz;\(alk,). As already
pointed out, G{oyh;) = Dy, G{{1)), so that this proves as well that any stable character {F)
has a unique expression of the form (¥} = G({I}).

The above proof provides»a simple algorithm for expressing the stable pennytation
characters in the form o1k, = G, (0 #1). The first examples are, denoting for short f(ayfy)
by [f]

{ha) = Thz — hy)

{hid) = (A — 4]

{h3) = [h3 = h11]

{h21)) = [h21 — 2Ry + Ry

{hind) = hi + 38 + ]

{he)) = [ha — hn]

§ha1)) = Lhs — Ay + 48]

{hna)) = thay — 2h2) — hyyy + 4k — bz + 3h4]
§han ) = [haty — h2y — 311 + 9811 + 8k )
hynd = thyy — 6k + 11k + 18k4).

There is an interesting formula for {fxy] = (gyk1)*", that is
m
Tham) =0y Y S0, Khey
k=1

where the S(m, k) are the Stirling numbers of the second kind., This formula (which is
equivalent to (5.5.19) in James and Kerber (1981)) is easily established by induction using
formula (10) with u; = pi. Another easy but useful formula for computing with inner
plethysms is

Brlovh) =01y pa. (38)
dik
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These identities can, for example, be applied to the computation of the character of the
representation of the symmetric group in a free Lie algebra. That is, let A = {a), ..., a5}
be a finite set of non-commuting indeterminates, let L{A) be the free Lie algebra generated
by A in the algebra of non-commutative polynomials C{A), and let the action of 5, be
defined by m(a;) = any extended to an automorphism of C{A}. The character of the
representation of GL(n) in the homogeneous component L, (A) of degres m is well known
(cf Reutenauer (1993)); it is the symmetric function

! "
== wdey (39)
m dim

where p is the Moebius function. The characteristic of the action of S, on Lp{A) is
thus given by the inner plethysm f,,.(h 1hn-1), which is the term of weight n in the series
€m(oif)). These plethysms are easily computed by hand up to weight 7 or 8 (in the basis
of stable permutation characters) using the above formulae. The first ones are

[€2] = [e2] = {An — Au}}

(€3] = &hay — b3 + Ayt

(€] = {harr — hop + 2Ry — Aoy + 281y — Rz

1€5] = {hain + hooy = han + ka2 + gy — hs + 2k + Shg + 3k1).

These expressions are then readily comverted into stable irreducible characters by

applying the operator Dy, and expressing the result in the basis of Schur functions., For
example, with m = 4,

Do, [hz11 = haa+2R 11 ~hay + 2k — ha] = 2485+ 653+ 9511 + 283+ 5521 -+ 35193 4831 45211

which amounts to saying that the character of the symmetric group in the space of Lie
polynomials of degree 4 is, in reduced notation,

2{0) + 8{1) +6(2) + {11} + 2{3) + 5{21) -+ 3{111} + (31} + (211).

As a last illustration, we will show how to derive the branching rule for O(r) O 8,
(Salam and Wyboume 1989) by means of the stable character formalism., Using the
orthogonal Schur functions (Littlewood 1950)

01 = Dh_ s (40)

where A_(h2) = 3 (—1YVe, ohy = 3 (—1){2} ® {1}, one has to compute the inner
plethysm 0, (h1h,—;). Working with the generating series 0,4, and the reciprocity formula
(cf Scharf and Thibon 1993)

(Flerh), G) = (F, G(o)) (41)
we have, F being any symmeiric function,
Bar(o1hy), F) = (o1, F(00)) = (Do, Ds_, Dis_,(npysi, Fa1))
= (Do) Dy iihisy YO101), FY = (Da_pa ihsa({11), F)
so that
Brorhn) = (Des1) (42)
where (of Littlewood 1950, Macdonald 1979)

G = Ay dealh) =[]0 = 2 TT0U = mp) = D (~1ylel-425, 43
i i<f €
where the sum is over all self-conjugate partitions.
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18. Staircase S-functions

The S-functions indexed by staircase partitions (n) = (n,n — 1,...) possess a number
of interesting properties (cf King et of 1981, King and Wybourne 1982) that have made
themselves evident in the present work. In particular we now prove the self-associativity
of inner plethysms involving staircase partitions.

As already remarked in section 6 staircase functions are the only Schur functions
contained in the algebra generated by the odd power sums, If we denote this subalgebra by
J and the ideal generated by the even power sums pa, ps, ... by [, then we have the direct
sum decomposition 7 & J of symmetric functions. This section is devoted to the proof of
the following lemma.

Lemma 10.1. Let F, G be two symmetric functions contained in the algebra generated by
the odd powers sums. Then H given by (F} @ G = {H} is also in this algebra.

Progf. Because of an argument similar to that of lemma 6.2, it suffices to consider the
case G := py,, m odd. That means that we will have to consider the action of the so-called
Adams operator Py, of inner plethysm. Its adjoint @, with respect to the canonical scalar
product is multiplicative with respect to the Littlewood-Richardson multiplication and obeys

" die,,
Smre =] | Pichianms ™
i
where ‘ged’ means greatest common divisor. Now we have
(Bn((F)), U) = (DA, F, Do, Ds_, (Do, 1)), (44)

The operator ¢ := Dalcﬁ,,, D,_, is clearly a homomorphism and it follows by a simple
computation that ¢{I) C I, &(J) € J. As a consequence of the orthogonal decomposition,
the adjoint ¥ of @ also has this property and we may rewrite equation (44) as

{(¥D,_F,U) = ({D;¥D,_ F}, U},

But F is in 7 and so the symmetric function in the brackets {—). This proves 10.1. a
A direct consequence is the following corollary.

Corollary 10.2. 1If (A} @ {1} = (H), where A and y are staircase partitions, then H is
self-associated.

11, Concluding remarks

The reduced notation outlined herein gives a powerful too! for investigating the stability of
diverse properties of the symmetric group such as Kranecker products, irreducible characters,
inner plethysms etc. A number of hitherto unnoticed features of these properties have been
exposed and formal proofs developed. The computational aspects of this paper were made
using the program SCHURT, indeed it was this program that led to the initial conjectures
that, in turn, led to the content of this paper.

T SCHUR is an jnteractive program for calculating the properties of Lie groups and symmetric functions by Brian
G Wybourne, distributed by S Christensen, PO Box 16175, Chapel Hill, NC 27516 USA. Email: stevec@wri.com
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